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Abstract
We examine the asymptotics of the spectral counting function of a
compact Riemannian manifold by V.G. Avakumovic [1] and L. Ho¨rmander
[15] and show that for the scale of orthogonal and unitary groups SO(N),
SU(N), U(N) and Spin(N) it is not sharp. While for negative sectional
curvature improvements are possible and known, cf. e.g., J.J. Duistermaat
& V. Guillemin [8], here, we give sharp and contrasting examples in the
positive Ricci curvature case [non-negative for U(N)]. Furthermore here
the improvements are sharp and quantitative relating to the dimension
and rank of the group. We discuss the implications of these results on the
closely related problem of closed geodesics and the length spectrum.
Keywords: Weyl’s law, spectral counting function, remainder term, compact
Lie groups, closed geodesics, Twist maps.
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1 Introduction
Let (Md, g) be a d dimensional compact Riemannian manifold without bound-
ary and let −∆g denote the Laplace-Beltrami operator on Md. The spectral
counting function of −∆g on Md is the function defined on (0,∞) by 1
N (λ;Md) = ]{j ≥ 0 : λj ≤ λ}, λ > 0. (1.1)
Here 0 = λ0 < λ1 ≤ λ2 ≤ ... denote the eigen-values of −∆g in ascending
order where by basic spectral theory each eigen-value has a finite multiplicity
while λj ↗ ∞ as j ↗ ∞. The description of the asymptotics of the spectral
counting function has been the subject of numerous investigations and is a re-
sult of a sequence of improvements and refinements starting originally from the
seminal works of H. Weyl in 1911 describing the leading term and then grad-
ually sharpening the form and order of the remainder term through the works
of various authors most notably B.M. Levitan [21], V.G. Avakumovic [1] and
L. Ho¨rmander [15]. (See also the monographs V. Ivrii [19] and M.A. Shubin [27].)
1In the sequel when the choice of Md is clear from the context, or when there is no danger
of confusion, we suppress the dependence on Md and simply write N = N (λ).
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2 Morris, Taheri
For compact boundaryless manifolds the celebrated Avakumovic-Ho¨rmander-
Weyl asymptotics has the from
N (λ;Md) =
Volg(M
d)ωd
(2pi)d
λ
d
2 +O
(
λ
d−1
2
)
, λ↗∞, (1.2)
where Volg(M
d) is the volume of Md with respect to dvg and ωd is the volume
of the unit d-ball in the Euclidean space Rd, that is, ωd = |Bd1|. The formulation
of (1.2) is originally due to V.G. Avakumovic [1] and later on L. Ho¨rmander [15],
who by invoking the theory of Fourier integral operators and the wave equation
gave a proof that simultaneously extends to operators of arbitrary order (see
[7, 16], [17] Vols. 3-4 or [27]). That the remainder term is sharp can be seen
by examining, e.g., Euclidean spheres or projective spaces (see below for more
on this) whilst in contrast, for flat tori, the problem directly relates to counting
integer lattice points and is far from sharp. Indeed recall that for Td = Rd/Zd
the eigen-functions (ϕα : α ∈ Zd) are characterised by
−∆gϕα = 4pi2|α|2ϕα, ϕα = e2piiα·x, (1.3)
α = (α1, ..., αd), |α|2 = α21 + ...+ α2d,
and so as a result for λ > 0 and with χ the characteristic function of the closed
ball centred at the origin and radius r =
√
λ/2pi we have 2
N (λ;Td) = ]
{
x ∈ Zd : 4pi2|x|2 ≤ λ
}
=
∑
x∈Zd
χ(x)
=
Volg(Td)ωd
(2pi)d
λ
d
2 +O
(
λ
d−1
2 − 12 d−1d+1
)
. (1.4)
A natural question thus is when is the remainder term in (1.2) sharp and if the
sharpness of this term carries any geometric information. To elaborate on this
further consider the half-wave equation{
∂tu+ iAu = 0 t ∈ R,
u = f t = 0,
(1.5)
associated with A =
√−∆g in L2(M). Then u(t) = e−itAf and so upon taking
traces and with NA(µ) = ]{j : µj =
√
λj ≤ µ} = N (µ2) we have
Tr
(
e−it
√
−∆g
)
=
∑
e−it
√
λj = d̂NA(t/2pi). (1.6)
The half-wave propagator e−it
√
−∆g can be expressed as a Fourier integral op-
erator and in view of the above identity its trace is the Fourier transform of the
2For further improvements of this classical result of E. Hlawka [14] and more on the lattice
point problem see F. Chamizo & H. Iwaniec [5], D.R. Heath-Brown [12], M.N. Huxley [18],
A. Walfisz [34] as well as F. Fricker [10]. See also Section 2 and Table 1 below.
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measure dNA. Thus by basic considerations the asymptotics of this trace near
t = 0 translates via a Fourier inversion (a trivial but more revealing Tauberian
theorem in this context) to the asymptotics of the spectral counting function as
λ↗∞.
Now consideration of this Fourier integral operator, its canonical relation and
the Lagrangian flow associated to its principal symbol leads to the geodesic
flow on the cotangent bundle T ?M of M (note that it is precisely here that
one needs to deal with the first order operator
√−∆g). The periodic orbits of
this Lagrangian flow are the periodic geodesics on M and the resulting length
spectrum contains the singular support of the distributional trace
ρ(t) = Tr(e−it
√
−∆g ) =
∑
j
e−it
√
λj , −∞ < t <∞. (1.7)
Indeed the analysis by L. Ho¨rmander of the big singularity of ρ at t = 0 leads
to the trace formula of J.J. Duistermaat & V. Guillemin [8]
∑
j
h(µ− µj) ∼= 1
(2pi)d
d−1∑
k=0
ckµ
d−1−k, ck =
∫
Md
ωk, µ↗∞, (1.8)
where µj =
√
λj and h ∈ S(R) with supp hˆ ⊂ [−ε, ε] while h ≡ 1 in a suitably
small neighbourhood of zero and ωk smooth real-valued densities on M
d asso-
ciated to the metric g. (In particular we have c0 = Vol(B?M) the volume of the
unit ball in the co-tangent bundle.)
The sharpness of the remainder term in (1.2) now connects directly with the
structure of the spectrum (λj : j ≥ 0) and the nature of the geodesic flow.
For example in case of Euclidean spheres, real or complex projective spaces or
more generally compact rank one symmetric spaces the spectrum clusters, the
geodesic flow is periodic and the remainder term in (1.2) is sharp. However, and
in contrast, for spaces with non-positive sectional curvature or more generally
spaces with measure-theoretically few periodic geodesics the remainder term in
(1.2) is not sharp and can be improved to O(λ(d−1)/2/ log λ) and o(λ(d−1)/2)
respectively. (See P. Berard [3], J.J. Duistermaat & V. Guillemin [8] as well as
[2], V. Ivrii [19], C. Sogge [29] for more.)
In this paper motivated, by the significance of the period geodesics on the Lie
group G = SO(N) in providing twist solutions to certain geometric problems in
the calculus of variations (see [26, 31, 32]) we take a closer look at the geodesic
length spectrum and the spectral counting function and examining the sharpness
of the remainder term in Weyl’s law (1.2) for this case as well as the cases of
the unitary and spinor groups. By analogy with the case of symmetric spaces
and in contrast to the negative curvature case above, one expects, in virtue
of positivity of Ric(G), that again the remainder term is sharp, however, we
show this not to be the case. As a prototype example for the special orthogonal
group SO(N) apart from N = 3 where the geodesic flow is periodic – note that
SO(3) ∼= P(R3) is a rank one symmetric space – the remainder term in (1.2) is
not sharp and can be quantitatively improved.
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Indeed the spectral counting function N = N (λ;G) of the orthogonal and
unitary group G equipped with a bi-invariant metric g has the asymptotics:
N (λ;G) =
ωdVolg(G)
(2pi)d
λ
d
2 +O
(
λ
1
2 [d−1−ε]
)
, λ↗∞, (1.9)
where d = dim(G), n = rank(G) (see Tables 2 & 3 below) and ε = ε(n) ≥ 0. In
fact we show that ε = 1 when n ≥ 5 and more generally ε = (n − 1)/(n + 1)
when n ≥ 1. In particular when rank(G) ≥ 2 the Avakumovic-Ho¨rmander-Weyl
remainder term in (1.2) is not sharp and as direct calculation (as in Section 2
below) reveals this is precisely when the geodesic flow of G fails to be periodic.
More interestingly when rank(G) ≥ 5 the exponent of λ in the remainder term
(1.2) can be improved to (d− 2)/2 which is sharp.
Let us end this introduction by giving a brief plan of the paper. In Section 2 we
go over the main results and tools from the representation theory of compact
Lie groups, in particular the computation of the Casimir spectrum, root systems
and the analytic weights of irreducible representations followed by calculations
relating to periodic geodesics and the length spectrum. In the interest of brevity
and for the sake of definiteness the discussion here is confined to the prototype
case of the special orthogonal group SO(N). In Sections 3 and 4 we give detailed
analysis of the spectral counting function and its asymptotics for the scale of
special orthogonal, unitary and spinor groups. Finally in Section 5 we present
and prove the sharper form of the asymptotics of N = N (λ;G) as highlighted
in the discussion above for n ≥ 5.
2 Weyl chambers and spectral multiplicities for
the Lie group G = SO(N) with N ≥ 2
In this section we gather together some of the technical apparatus for computing
and describing the spectrum and spectral multiplicities of the Laplace-Beltrami
operator required later for the development of the paper. 3 The Cartan-Killing
form on the special orthogonal group SO(N) corresponds to the bilinear form
B(X,Y ) = (N − 2)tr(XY ) with X,Y ∈ so(N). In virtue of the semisimplicity
of SO(N) the latter leads to an inner product on the Lie algebra so(N), here,
taking the explicit form
(X,Y ) = − B(X,Y )
2(N − 2) =
1
2
tr(XY t) =
1
2
tr(XtY ). (2.1)
This inner product in turn results in a bi-variant metric on SO(N) that from
now on is the choice of Riemannian metric. Specifically using left translations
this gives the Adjoint invariant metric on G = SO(N) defined via,
ρ(Xg, Yg) =
1
2
tr((g−1Xg)tg−1Yg) =
1
2
tr(XtY ). (2.2)
3The reader is referred to the monographs [4, 13] and [20] for further details and the jargon
on Lie groups and their representations.
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As the metric is bi-invariant the Riemannian exponential and the Lie exponential
coincide (see, e.g., S. Helgason [13]) and so the geodesic γ = γ(t) starting at
g ∈ G in the direction Xg ∈ TgG is given by γ(t) = g exp(tX) where X ∈ g is
such that Xg = gX. Now we fix the maximal torus T on G by setting, for even
N ,
T =
{
g ∈ SO(2n) : g = diag(R1,R2, ...,Rn)
}
, (2.3)
with the 2× 2 rotation blocks Rj (1 ≤ j ≤ n) in SO(2) given by Rj = expJj :
Rj = R(aj) =
[
cos aj − sin aj
sin aj cos aj
]
, Jj = J (aj) =
[
0 −aj
aj 0
]
,
(aj ∈ R) and the usual adjustment for odd N , namely, n, 2× 2 block as above
and a last 1× 1 block consisting of entry 1, specifically,
T =
{
g ∈ SO(2n+ 1) : g = diag(R1,R2, ...,Rn, 1)
}
. (2.4)
The subalgebra t ⊂ g corresponding to the maximal torus T ⊂ G for even N is
given by,
t =
{
ξ ∈ g : ξ = diag(J1,J2, ...,Jn)
}
, N = 2n, (2.5)
and for odd N by
t =
{
ξ ∈ g : ξ = diag(J1,J2, ...,Jn, 0)
}
, N = 2n+ 1. (2.6)
For the geodesic γ(t) = exp(tX) there exists g ∈ SO(N) so that X = gξg−1 for
suitable ξ ∈ t and γ(t) = g exp(tξ)g−1. It is therefore plain that any periodic
geodesic at identity is conjugate to one sitting entirely on the maximal torus T.
Thus in considering the periodic geodesics of G we can merely focus on those
confined to T. Now let Λ ⊂ t denote the lattice
Λ =
{
ξ ∈ t : exp(2piξ) = IN
}
. (2.7)
Then any closed geodesic on T is the Lie exponential γ(t) = exp(2pitξ) for some
ξ ∈ Λ with −∞ < t <∞. Note γ(0) = γ(1) = IN . Now let Ej (with 1 ≤ j ≤ n)
denote the block diagonal matrix
Ej = diag(0, ..., 0,J , 0, ..., 0), J = J (1) =
[
0 −1
1 0
]
. (2.8)
Then recalling the inner product (2.1) it is seen that (Ej : 1 ≤ j ≤ n) forms an
orthonormal basis for t, hence, as any ξ in this subalgebra can be expressed as
ξ =
∑n
j=1 ajEj , upon exponentiating we have,
exp(2piξ) = exp
 n∑
j=1
2piajEj
 = n∏
j=1
exp(2piajEj).
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As a result
ξ ∈ Λ ⇐⇒ exp(2piξ) = IN ⇐⇒ exp(2piajEj) = IN
⇐⇒
{
diag[R(2pia1), ...,R(2pian)] = IN N = 2n,
diag[R(2pia1), ...,R(2pian), 1] = IN N = 2n+ 1,
⇐⇒ aj ∈ Z for all 1 ≤ j ≤ n. (2.9)
This therefore identifies Λ with Zn which then via conjugation and translation
describes all the periodic geodesics on G = SO(N). Furthermore by conjugating
Λ in so(N) through SO(N) and using dimensional analysis it follows that every
geodesic in SO(3) is periodic a conclusion that dramatically fails in SO(N) for
N ≥ 4. 4 Now since the metric ρ on SO(N) is bi-invariant we have
|γ˙(t)| =
∣∣∣∣g1g ddt exp(2pitξ)g−1
∣∣∣∣ = √2pi2tr(ξtξ) = 2pi|ξ|. (2.10)
Thus the length of the closed geodesic γ = γ(t) is given by l(γ) = 2pi|ξ|. Hence
modulo translations and conjugations the number of closed geodesics whose
length do not exceed
√
x > 0 can be expressed as
L (x) = ]
{
ξ ∈ Λ : |ξ| ≤
√
x
2pi
}
=
∑
y∈Zn
χr(y), (2.11)
where r =
√
x/(2pi) and χr is the characteristic function of the closed ball
centred at origin with radius r > 0. Thus the geodesic counting function (in the
sense described) connects to the Gauss circle problem and its higher dimensional
analogues – a highly challenging and notoriously difficult problem in analytic
number theory. Indeed L (x) counting the number of points in Zn∩B√x/2pi has
asymptotics given for suitable exponents δ, ζ (see the table below) by
L (x) ∼ ωnx
n
2
(2pi)n
+O
(
xδlnζx
)
, x↗∞. (2.12)
Table 1: The best known exponents for the remainder term in L (x)
n = 2 n = 3 n = 4 n ≥ 5
(δ, ζ) (131/416, 0) (21/32, 0) (1, 2/3) ((n− 2)/2, 0)
Ref. [18] [12] [34] [10]
For n ≥ 5 the δ in Table 1 is sharp whereas in the cases n ≤ 3 finding the sharp
δ is still an open problem. A conjecture of Hardy asserts that the sharp δ for
n = 2 has the form δ = 1/4 + ε for all ε > 0 whilst in the case n = 3 the sharp
δ is conjectured to be δ = 1/2 + ε for all ε > 0. (See the references for more.)
4In fact the Liouville measure of the set of periodic orbits of the geodesics flow in the
co-tangent bundle T ?SO(N) is zero for N ≥ 4 (see [24] for more).
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Next we denote by R the set of roots, by ∆ the corresponding root base and by
F the set of fundamental weights. Due to the difference in the root structure
of SO(N) when N = 2n or N = 2n + 1 we describe these two different cases
separately.
• SO(2n):
R =
{
i(±Ek ± El) : k > l with 1 ≤ l ≤ n
}
,
∆ =
{
i(Ej − Ej+1) : with 1 ≤ j ≤ n− 1
}⋃{
i(En−1 + En)
}
,
F =
{
µj = i
j∑
k=1
Ek : 1 ≤ j ≤ n− 2
}⋃{
µn−1, µn =
i
2
(
n−1∑
k=1
Ek ∓ En
)}
.
The lattices of weights and analytic weights for SO(2n) are respectively
given by,
P = spanZF =
{ n∑
i=1
biEi : bi ∈ 1
2
Z
}
, A =
{ n∑
i=1
biEi : bi ∈ Z
}
.
In particular the set of analytic and dominant weights (the highest weights)
is given by
A ∩ C+ =
{ n∑
i=1
biEi : bi ∈ Z and b1 ≥ b2 ≥ · · · ≥ |bn|
}
. (2.13)
Note that the C+ denotes the positive Weyl chamber corresponding to the
choice of root base ∆.
• SO(2n+ 1):
R =
{
i(±El ± Ek) : k > l with 1 ≤ l ≤ n
}⋃{
± iEk : 1 ≤ k ≤ n
}
,
∆ =
{
i(Ej − Ej+1) : 1 ≤ j ≤ n− 1
}⋃{
iEn
}
,
F =
{
µj = i
j∑
k=1
Ek : 1 ≤ j ≤ n− 1
}⋃{
µn =
i
2
n∑
k=1
Ek
}
.
As in the case of SO(2n) we have that the weights and analytic weights
are given by,
P = spanZF =
{ n∑
i=1
biEi : bi ∈ 1
2
Z
}
, A =
{ n∑
i=1
biEi : bi ∈ Z
}
.
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However in this case we have the set of analytic and dominant weights
given by 5
A ∩ C+ =
{ n∑
i=1
biEi : bi ∈ Z and b1 ≥ b2 ≥ · · · ≥ bn ≥ 0
}
. (2.14)
It is well known that for a compact Lie group G equipped with a bi-invariant
metric g the Laplace-Beltrami operator −∆g has spectrum Σ = (λµ) with
λµ = (µ+ ρ, µ+ ρ)− (ρ, ρ) = ||µ+ ρ||2 − ||ρ||2 = (µ, µ) + 2(µ, ρ) (2.15)
where ρ is the half-sum of positive roots and µ ∈ A ∩C+ (cf., e.g., Knapp [20]).
Moreover the multiplicity of the eigenvalue λµ is dim(piµ)
2 where piµ ∈ Gˆ (the
unitary dual of G) is the irreducible representation associated to µ ∈ A ∩ C+,
while dim(piµ) is given by Weyl’s dimension formula. Restricting to SO(N) the
eigenvalues of −∆g denoted Σ = (λω : ω ∈ A ∩ C+) are given by the explicit
expression
λω =
{∑n
j=1 bj(bj + 2n− 2j), if N = 2n,∑n
j=1 bj(bj + 2n+ 1− 2j), if N = 2n+ 1,
(2.16)
where b = (b1, . . . , bn) ∈ Zn and b1 ≥ b2 ≥ · · · ≥ bn ≥ 0 when N = 2n + 1 and
b1 ≥ b2 ≥ · · · ≥ |bn| ≥ 0 when N = 2n. Now to describe the multiplicities using
dim(piω) =
∏
α∈R+(α, ω + ρ)∏
α∈R+(α, ρ)
, (2.17)
we first note that
ρ =
1
2
∑
α∈R+
α = i
{∑n−1
j=1 (n− j)Ej , if N = 2n,∑n
j=1 (n− j + 1/2)Ej , if N = 2n+ 1.
(2.18)
Therefore the multiplicity of the eigenvalue λω is given by
mn(x) = dim(piω)
2 =
∏
i<l(x
2
i − x2l )2∏
j<l(a
2
j − a2l )2
, N = 2n, (2.19)
mn(x) =
∏
i x
2
i
∏
i<l(x
2
i − x2l )2∏
j a
2
j
∏
j<l(a
2
j − a2l )2
, N = 2n+ 1. (2.20)
Here aj = n − j when N = 2n and aj = n − j + 1/2 when N = 2n + 1 with
x = (x1, . . . , xn) given by,
xj = bj +
{
n− j, if N = 2n,
n− j + 1/2, if N = 2n+ 1. (2.21)
5Therefore in the SO(2n+ 1) case, in contrast to SO(2n), we have bn ∈ N0.
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3 Counting lattice points with polynomial mul-
tiplicities
Let Γ ⊂ Rn be a lattice of full rank, that is, Γ = {∑nj=1 `jvj : `j ∈ Z} where
v1, ..., vn is a fixed set of linearly independent vectors in Rn. Assume F = F (λ)
is a homogenous polynomial of degree d ≥ 1 on Rn assigning to each lattice point
λ ∈ Γ an associated multiplicity or weight F (λ). The aim here is to describe
the asymptotics of the weighted lattice point counting function
M (R) =
∑
λ∈Γ
F (λ)χR(λ) =
∑
λ∈Γ
FR(λ). (3.1)
Here χR denotes the characteristic function of the closed ball in Rn centred at
the origin with radius R > 0 and FR = FχR. The approach is an adaptation of
the classical argument in [14] based on smoothing out the sum via convolution
with a mollifier and then using the Poisson summation formula. To this end we
consider first the ”mollified sum”
Mε(R) =
∑
λ∈Γ
[FR ? ρε](λ) = Vol(Γ
?)
∑
ξ∈Γ?
F̂R(ξ)ρ̂ε(ξ)
= Vol(Γ?)
∫
Rn
FR(v) dv + Vol(Γ
∗)
∑
Γ?\{0}
F̂R(ξ)ρ̂ε(ξ), (3.2)
where Γ? denotes the lattice dual to Γ. The focus will now be on the asymptotics
of the second term on the right. Indeed since∣∣∣∣∣∣
∑
Γ∗\{0}
F̂R(ξ)ρ̂ε(ξ)
∣∣∣∣∣∣ ≤
∑
Γ∗\{0}
|F̂R(ξ)||ρ̂ε(ξ)| (3.3)
and by basic properties of the Fourier transform
F̂R(ξ) =
∫
Rn
e2piiξ·xFR(x) dx = Rn+dF̂1(Rξ) (3.4)
with |ρ̂ε(ξ)| = |ρ̂(εξ)| ≤ ck(1 + ε|ξ|)−k we can write∣∣∣∣∣∣
∑
Γ∗\{0}
F̂R(ξ)ρ̂ε(ξ)
∣∣∣∣∣∣ ≤ ckRn+d
∑
Γ∗\{0}
|F̂1(Rξ)|
(1 + ε|ξ|)k
. (3.5)
So we now need to describe the behaviour of F̂1(Rξ) for large R. Towards this
end and in virtue of F being homogeneous we proceed by expressing F as
F (x) = |x|dP
(
x
|x|
)
= |x|d
[ d2 ]∑
k=1
Pk(θ), θ = x/|x|, (3.6)
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where P = P (θ) is the restriction to the sphere Sn−1 of F and Pk = Pk(θ) is a
spherical harmonic of degree d− 2k (see, e.g., L. Grafakos [11] or Stein & Weiss
[30]). Next let us denote
F1(x) =
[ d2 ]∑
k=1
Fk,1(x), Fk,1(x) = |x|2kPk(x)χ1(x), (3.7)
where each Pk is a solid spherical harmonic on Rn of degree d− 2k. Clearly by
the linearity of the Fourier transform we can write
F̂1(ξ) =
[ d2 ]∑
k=1
F̂k,1(ξ), F̂k,1(ξ) = f̂k,1(|ξ|)Pk(ξ).
We now momentarily focus on the quantity f̂k,1(|ξ|)
f̂k,1(|ξ|) = 2pii
2k−d
|ξ|(n+2d−4k−2)/2
∫ 1
0
s(n+2d)/2J(n+2d−4k−2)/2(2pi|ξ|s) ds
=
(2pi)−(n+2d)/2i2k−d
|ξ|(n+2d−2k)
∫ 2pi|ξ|
0
s(n+2d)/2J(n+2d−4k−2)/2(s) ds.
By invoking an estimate for the weighted integral of Bessel functions that the
reader can find in the Appendix (see Proposition A.1) we have∫ 2pi|ξ|
0
s(n+2d)/2J(n+2d−4k−2)/2(s)ds ≤ Ck (2pi|ξ|)(n+2d−1)/2
when |ξ| > Mk for some Mk ∈ R. Therefore for |ξ| > Mk we can write
|f̂k,1(|ξ|)| ≤ Ck|ξ|−(
n+1
2 +d−2k).
This in turn means that,
|F̂1(Rξ)| =
[ d2 ]∑
k=1
|Rξ|d−2k|f̂k,1(|Rξ|)|
∣∣∣∣Pk ( ξ|ξ|
)∣∣∣∣ ≤ c|Rξ|−(n+1)/2 (3.8)
for |ξ| > maxk(Mk). Therefore returning to the remainder term we get that for
large enough R,∣∣∣∣∣∣
∑
Γ∗\{0}
F̂R(ξ)ρ̂ε(ξ)
∣∣∣∣∣∣ ≤ c
∑
Γ∗\{0}
Rd+(n−1)/2
|ξ|(n+1)/2 (1 + ε|ξ|)k
≤ c
∫
|ξ|≥1
Rd+(n−1)/2 dξ
|ξ|(n+1)/2 (1 + ε|ξ|)k
≤ cε−n−12
∫
Rn
Rd+(n−1)/2 dξ
|ξ|(n+1)/2 (1 + |ξ|)k
≤ cR
d+(n−1)/2
ε
n−1
2
. (3.9)
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As a result we can conclude that the ”mollified sum” from (3.2) has the asymp-
totic behaviour
Mε(R) = Vol(Γ
∗)
∫
Rn
FR(x) dx+O
(
Rd+
n−1
2 ε−
n−1
2
)
= Vol(Γ∗)Rd+n
∫
Rn
F1(x) dx+O
(
Rd+
n−1
2 ε−
n−1
2
)
. (3.10)
We next compare the mollified counting function with the original one. Towards
this end we first observe that for y ∈ BR there exists some z ∈ BR+ such that
FR+ ? ρ(y) = FR+(z) . Thus by combining the above
|FR(y)− FR+ε ? ρε(y)| = |FR(y)− FR+ε(z)| ≤ 2ε max
x∈Bε(y)
|∇FR(x)| ≤ CεRd−1,
and in addition we can obtain the similar bound for each y ∈ BR(0),
|FR(y)− FR−ε ? ρε(y)| ≤ CεRd−1.
Therefore it follows that for each y ∈ BR(0) we have,
FR−ε ? ρε(y)− CεRd−1 ≤ FR(y) ≤ FR+ε ? ρε(y) + CRd−1
thus giving
Mε(R− ε)− CεRd−1
∑
λ∈Γ
χR(λ) ≤M (R) ≤Mε(R+ ε) + CRd−1
∑
λ∈Γ
χR(λ).
(3.11)
Next referring to the original lattice Γ we can define with the aid of the basis
vectors v1, ..., vn another lattice
Ω =
{
ω =
n∑
j=1
`j
avj
||vj || : `j ∈ Z
}
(3.12)
where a = minj{‖vj‖} > 0. Then using the bound∑
Γ
χR ≤
∑
Ω
χR =
∑
Zn
χR
a
≤ R
n
an
, (3.13)
we can rewrite (3.11) as
Mε(R− ε)− CεRd+n−1 ≤M (R) ≤Mε(R+ ε) + CRd+n−1.
Therefore the previously obtained bounds for Mε result in
M (R) =
(
Vol(Γ∗)
∫
Rn
F1(x) dx
)
Rd+n +O
(
Rd+
n−1
2 ε−
n−1
2 + εRd+n−1
)
as R↗∞. Noting that the remainder term is optimised when ε = R−n−1n+1 leads
to the following conclusion.
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Theorem 3.1. Let F be a homogeneous polynomial of degree d ≥ 1 on Rn and
let Γ ⊂ Rn be a lattice of full rank. Consider the weighted counting function
M =M (R) defined for R > 0 by (3.1). Then
M (R) =
(
Vol(Γ∗)
∫
Bn1
F (x) dx
)
Rd+n +O
(
Rd+n−
2
n+1
)
, R↗∞. (3.14)
Note that repeating the above proof for the shifted counting function M h(R) =∑
λ∈Γ FR(λ+h) with M
h
ε (R) =
∑
λ∈Γ[FR ∗ρε](λ+h) results in the exact same
asymptotics (3.14) for M h. 6 We use this remark later on.
4 Improved asymptotics for N (λ;G) when G =
SO(N), SU(N), U(N) and Spin(N)
This section is devoted to the analysis of the asymptotics of the spectral counting
function N (λ;G) as λ↗∞ when G is one of the special orthogonal or unitary
groups in the title. Here, the calculations in light of what has been obtained so
far is explicit and the main question is the behaviour of the remainder term and
whether it agrees with the Avakumovic-Ho¨rmander sharp form or if there is an
improvement. Notice that SO(2) ∼= S1 and SO(3) ∼= S3/{±1} ∼= P(R3), the real
projective space, and so in view of the periodicity of the geodesic flow (or direct
calculations) we do not expect any improvements. However remarkably things
change sharply as soon as we pass to the higher dimensional cases SO(N) (with
N ≥ 4). Indeed from earlier discussions we know, using (2.16)-(2.19), that the
spectral counting function for SO(N) is given by 7
N (λ) =
∑
ω∈A∩C+
mn(ω + ρ)χR(ω + ρ) =
∑
x∈Aρ∩C˚+
mn(x)χR(x), (4.1)
where χR is the characteristic function of the closed ball with R =
√
λ+ ‖ρ‖2
centred at the origin and mn is the multiplicity function that is explicitly by
(2.19). In (4.1) we have also let x = ω + ρ and used the fact that x ∈ C˚+ for
ω ∈ A ∩C+. An easy inspection show that on ∂C+ we have mn(x) = 0 therefore
we can rewrite N (λ) as
N (λ) =
∑
x∈Aρ∩C+
mn(x)χR(x). (4.2)
Notice that the multiplicity function mn is invariant under any permutation of
(x1, · · · , xn) in either case. In addition mn is also invariant under any change
in sign of n− 1 of the xi’s when N = 2n and invariant under any change of sign
6This is a consequence of the identities ̂f(·+ h)(ξ) = f̂(ξ)e2piih·ξ, | ̂f(·+ h)(ξ)| = |f̂(ξ)|.
7Below we shall be using the notation of Aρ = A + ρ.
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of all the xi’s when N = 2n+ 1. Thus mn is invariant under the Weyl group W
given by
W =
{
Zn−12 o Sn, if N = 2n,
Zn2 o Sn, if N = 2n+ 1.
(4.3)
We now take advantage of the action of the Weyl group on the set of weights
Aρ ∩ C+ to extend N (λ) to the full set of weights Aρ. 8 Indeed as the Weyl
group acts simply transitively on the interior of the Weyl chambers (which
means that the interior of any Weyl chamber is mapped onto the interior of any
other chamber in a bijective manner) we can write
N (λ) =
1
|W |
∑
x∈Aρ
mn(x)χR(x) =
1
|W |
∑
ω∈A
mn(ω + ρ)χR(ω + ρ) =M
ρ(R).
Nowmn is a homogeneous polynomial of degree 2l = d−n where d = dim[SO(N)]
and n = Rank[SO(N)]. Then since A can be identified with Zn we have that
Vol(A ∗) = 1 and then from Theorem 3.1 we deduce that
M ρ(R) =
Rd
|W |
∫
Rn
mn(x)χ1(x)dx+O
(
Rd−1−
n−1
n+1
)
,
as R↗∞. Hence in view of N (λ) =M (R), when R = √λ+ ‖ρ‖2, we obtain
N (λ) =
λd/2
|W |
∫
Rn
mn(x)χ1(x)dx+O
(
λ
d−1
2 − n−12(n+1)
)
.
The leading term can be evaluated to be
λd/2
|W |
∫
B1
mn(x)dx =
ωdVolg(SO(N))
(2pi)d
λd/2.
Subsequently it follows that
N (λ) =
ωdVolg(SO(N))
(2pi)d
λ
d
2 +O(λα), λ↗∞, (4.4)
where the exponent α in the remainder term, by making use of d = (N2−N)/2,
is seen to be
α =
1
2(n+ 1)
{
2n3 + n2 − 3n if N = 2n,
2n3 + 3n2 − n if N = 2n+ 1. (4.5)
This in particular confirms that the remainder term in Weyl’s law is not sharp
for the compact Lie group SO(N). In summary we have proved the following
result.
8It can be easily checked that the Weyl group W maps Aρ to itself since for each w ∈ W
we have that w · ρ = ρ − α for some α ∈ R ⊂ A . Then as W · A = A we clearly have that
for any w ∈W , w · (µ+ ρ) ∈ Aρ.
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Theorem 4.1. The spectral counting functionN = N (λ;SO(N) of the Laplace-
Beltrami operator with n = rank[SO(N)] ≥ 2 has the asymptotics (λ↗∞)
N [λ;SO(N)] =
Vol(SO(N))ωd
(2pi)d
λ
d
2 +O(λα), (4.6)
with d = dim(SO(N)) and α given by (4.5).
Table 2: SO(N) and Spin(N)
G SO(N) Spin(N)
n = rank(G) [N/2] [N/2]
d = dim(G) N(N − 1)/2 N(N − 1)/2
Q =
∏
α∈R+(α, ρ) (2
−nN !!)N−2n
∏n−1
j=1 j!
∏
j<k(N − j − k)
Vol(G)×Q (2pi)N(N−1)/4+n/2 2n(2pi)N(N−1)/4+n/2
We now present the analogous analysis and result for the unitary and special
unitary groups U(N) and SU(N) respectively. Firstly note that the spectrum
of the Laplace-Beltrami on U(N) and SU(N) is given by the following
λω =
N∑
j=1
[
(bj − j + (N + 1)/2)2 − ((N + 1)/2− j)2
]
, (4.7)
where b1 ≥ b2 ≥ · · · ≥ bN with bj ∈ Z for U(N) or bj ∈ Z + bN for 1 ≤ j ≤
n − 1 and bN ∈ Z/N whilst (4.9) holds for SU(N). The multiplicity of these
eigenvalues is given by,
mN (x) =
∏
1≤j<k≤N
(xj − xk)2
(k − j)2 , (4.8)
where x = (x1, . . . , xN ) and xj = bj − j + (N + 1)/2. Note that in the case of
SU(N) the
bN = −
N−1∑
j=1
bj , (4.9)
which therefore means that the eigenvalues and corresponding multiplicity func-
tion only depend on b1, . . . , bN−1 and x1, . . . , xN−1 respectively. Now following
the arguments of SO(N) we can prove the following (the proof of which we shall
omit due to the similarity with SO(N)).
Theorem 4.2. The spectral counting functionN (λ) = N (λ;G) of the Laplace-
Beltrami operator on the unitary group G = U(N) with N ≥ 2 and d =
dim(U(N)) = N2 has the asymptotics (λ↗∞)
N [λ;U(N)] =
Vol(U(N))ωd
(2pi)d
λ
d
2 +O
(
λ
N(N+2)(N−1)
2(N+1)
)
. (4.10)
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Likewise in the case of the special unitary group G = SU(N) with N ≥ 2 and
d = dim(SU(N)) = N2 − 1 we have that
N [λ;SU(N)] =
Vol(SU(N))ωd
(2pi)d
λ
d
2 +O
(
λ
N3−3N+2
2N
)
. (4.11)
Note that the metric is the one arising from the inner product (X,Y ) = tr (X?Y )
and is bi-invariant. By inspection for U(N) when N ≥ 2 and for SU(N) when
N ≥ 3 the remainder term in Weyl’s law (1.2) is not sharp whilst evidently
outside this range the geodesic flow on the group is periodic.
Table 3: SU(N) and U(N)
G SU(N) U(N)
n = rank(G) N − 1 N
d = dim(G) N2 − 1 N2
Q =
∏
α∈R+(α, ρ)
∏N−1
j=1 j!
∏N−1
j=1 j!
Vol(G)×Q N(2pi)(N+2)(N−1)/2 (2pi)N(N+1)/2
Let us end the section by studying the asymptotics of N (λ;G) for when G =
Spin(N) is the universal cover of SO(N). In virtue of pi1[Spin(N)] ∼= 0 there is
a one-to-one correspondence between the [complex] irreducible representations
of Spin(N) and those of its Lie algebra spin(N). Moreover as Spin(N) is a
double cover of SO(N) the irreducible representations of the latter are only
”half” the total of the former and hence of the Lie algebras spin(N) ∼= so(N).
Despite this we have the following conclusion for Spin(N) based on what was
obtained previously for SO(N).
Theorem 4.3. Consider the universal covering group G = Spin(N) of SO(N)
with N ≥ 3. Then the spectral counting function N = N (λ;G) of the Laplace-
Beltrami operator has the asymptotics
N (λ;G) =
ωdVolg(G)
(2pi)d
λ
d
2 +O (λα) , λ↗∞, (4.12)
where d = dimSpin(N) = dimSO(N) = N(N − 1)/2 and α is given by (4.5).
Proof. As eluded to in the discussion prior to the theorem in virtue of G =
Spin(N) being the universal covering group of SO(N) the two share the same
root system, and the set of analytically dominant weights A ∩C+ for Spin(N)
are,
A ∩C+ =
{
ξ+ε(1, · · · , 1) : ξ ∈ ASO(N)∩C+, ε = 0 or ε = 1
2
}
=PSO(N)∩C+.
(4.13)
The root systems of Spin(N) and SO(N) being the same implies that the
multiplicity function mn for the two are the same homogenous polynomial. In
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particular for each y ∈ A ∩C+ we can write y = x/2 for some x ∈ ASO(N)∩C+
and so by homogeneity mn(y) = 2
−2lmn(x) (note that d = n + 2l where n is
the rank). Therefore the counting function of Spin(N) relates to the counting
function of SO(N) by rescaling, specifically,
MSpin(N)(R) = 2
−2lMSO(N)(2R)
= 2n
ωdVolg(SO(N))
(2pi)d
Rd +O
(
Rd−1−
n−1
n+1
)
. (4.14)
Now we reach the desired conclusion by invoking the relation R =
√
λ+ ‖ρ‖2
and hence obtaining
N (λ) = 2n
ωdVolg(SO(N))
(2pi)d
λ
d
2 +O
(
λ
d−1
2 − 12 n−1n+1
)
(4.15)
and making use of the relation 2nVol(SO(N)) = Vol(Spin(N)). 
Regarding the last relation in the above proof we note that the volume of any
compact Lie group G is given by
Vol(G) =
(2pi)n+l
Vol(A )×Q, Q =
∏
α∈R+
(α, ρ), (4.16)
where Vol(A ) is the volume of the fundamental domain in the lattice of ana-
lytical weights. Then as Spin(N) and SO(N) share the same root system and
rank(G) = n the above claim follows upon noting that Vol(ASO(N)) = 1 and
Vol(ASpin(N)) = 2
−n.
5 Weyl’s Law for the Orthogonal and Unitary
groups: A sharp result
In this final section we present a result on the sharp asymptotics of the remainder
term for the spectral counting function of the orthogonal and unitary groups as
in the previous sections. Here we assume for technical reasons that the rank of
the group is strictly greater than four.
Theorem 5.1. Let G denote one of the unitary, orthogonal or spinor groups
as above. Then provided that n = rank(G) ≥ 5 we have
N (λ;G) =
ωdVol(G)
(2pi)d
λ
d
2 +O(λ
d−2
2 ), λ↗∞, (5.1)
where as before d = dim(G).
The principle idea of the proof is to approximate the counting function N (λ)
by an alternative one with radial weight which is easier to tame. Recall that the
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multiplicity functions, given earlier in the paper, are homogeneous polynomials
of even degree and as such can be written as mn(x) = |x|2mP (x/|x|). This
homogeneity permits the forthcoming description of N (λ) where n = rank(G)
and rn(k) = |{ω ∈ Zn : |ω|2 = k}|. Indeed
N (λ) =
1
|W |
R2∑
k=1
kmrn(k)
 1
rn(k)
∑
θj∈Hk
P (θj)
 , (5.2)
where Hk = {θj = xj/|xj | : xj ∈ Zn and |xj |2 = k}. The form (5.2) is sugges-
tive towards a natural approximation by
E (R) =
∑
ω∈Zn
|ω|2mχR(ω) =
R2∑
k=1
kmrn(k). (5.3)
It is clear that any sensible approximation of N (λ) via E (R) necessitates that
the averaged sum in (5.2) converges. To this end we recall the uniformly dis-
tributed nature of Zn projected onto the unit sphere Sn−1, giving,
1
rn(k)
∑
θj∈Hk
F (θj)→ 1|Sn−1|
∫
Sn−1
F (θ)dHn−1(θ), (5.4)
as k → ∞ for any F ∈ C(Sn−1). Through the work of C. Pommerenke [25]
and A.V. Malyshev [22], it is even known that for F ∈ C2m(Sn−1) we have the
quantitative estimate,∣∣∣∣ 1rn(k) ∑
θj∈Hk
F (θj)− 1|Sn−1|
∫
Sn−1
F (θ)dHn−1(θ)
∣∣∣∣≤ c(m,n)
k
n−1
4
‖∆mSn−1F‖L1(Sn−1),
provided m > n − 1. 9 Therefore as P (θ) is the restriction to Sn−1 of a
homogeneous polynomial we have that,∣∣∣∣ 1rn(k) ∑
θj∈Hk
P (θj)− κ
∣∣∣∣≤ c(m,n, P )
k
n−1
4
,
where κ = |Sn−1|−1 ∫Sn−1 P (θ)dHn−1(θ). Consequently
|N (λ)− κ|W |−1 E (R)| ≤ 1|W |
R2∑
k=0
kmrn(k)
c(m,n, P )
k
n−1
4
. (5.5)
Combining this with rn(k) = O(k
n−2
2 ) for n ≥ 5, see [9], grants that,
|N (λ)− κ|W |−1E (R)| = O
(
R2m+
n+1
2
)
. (5.6)
Therefore once we have a result analogous to Theorem 5.1 for E (R) we shall
obtain (5.1) as a simple repercussion of the above approximation estimate.
9For more on approximation results of this nature the reader is referred to [9] pp. 187-192.
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Theorem 5.2. Let E = E (R) be as in (5.3). Then provided n ≥ 5 we have the
asymptotics
E (R) =
Vol(Sn−1)
2m+ n
R2m+n +O(R2m+n−2), R↗∞. (5.7)
Proof. The proof of this result is an adaptation of the classical lattice point
counting argument with constant weight, i.e., m = 0. Indeed the explicit form
of r4(k), i.e., the Jacobi sum of four square formula, gives a weaker result for
E (R) on Z4. More precisely,
E4(R) =
∫
BR
|x|2m dx+
16/R2
Vol(S3)
∫
BR
|x|2mdx · [D(R2)−D(R2/4)]+O(R2m+2), (5.8)
where D(t) =
∑
k≤t k
−1ψ(t/k) with ψ(t/k) = t/k − [t/k]− 1/2. To prove (5.8)
one can firstly show that (cf. [10] pp. 34-5) 10
E4(R) = 8Sm(R
2)− 4m × 32Sm
(
R2
4
)
, (5.9)
where Sm(t) =
∑t
k=1 k
mσ(k) and σ(k) is the classical divisor function, i.e.,
σ(k) =
∑
d|k d. Notice that any pair of integers (d, j) such that 1 ≤ d ≤ t
and 1 ≤ j ≤ [t/d] = t/k − ψ(t/k) − 1/2 = ζ(d, t) are divisors of d · j where
1 ≤ d · j ≤ t. Hence,
Sm(t) =
∑
k≤t
km
∑
d|k
d =
∑
k≤t
∑
j≤ζ(k,t)
(jk)mj =
∑
k≤t
km
m+ 2
m+2∑
j=0
cm,jζ(k, n)
m+2−j ,
where the last equality comes from Faulhaber’s formula with cm,j = (−1)j
(
m+2
j
)
Bj
and Bj are the Bernoulli numbers. Moreover,
ζ(k, t)m =
(
t
k
)m
−
(
t
k
)m−1(
ψ(
t
k
) + 1/2
)
+O
(
tm−2
km−2
)
. (5.10)
As a result,
Sm(t) =
∑
k≤t
km
m+ 2
m+2∑
j=0
cm,j
(
t
k
)m+1−j
ζ(k, t) +O(tm+1)
=
tm
m+ 2
∑
k≤t
(
t
k
+ cm,1
)
ζ(k, t) +O(tm+1). (5.11)
10In [10] the identity (5.9) is proved when m = 0. However the case m > 0 is similar modulo
suitable adjustments to essentially account for m 6= 0. Therefore to avoid repetition with an
existing text we shall simply refer the reader to [10].
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Now
∑
k≤t t/kζ(k, t) = t
2
∑
k≤t k
−2− tD(t)− t/2∑k≤t k−1 and ∑k≤t ζ(k, t) =
t
∑
k≤t k
−1 +O(t) which permits (5.11) to be rewritten as (with c = cm,1−2−1)
Sm(t) =
tm+2
m+ 2
∑
k≤t
1
k2
+
tm+1
m+ 2
c∑
k≤t
k−1 −D(t)
+O(tm+1). (5.12)
Next substituting (5.12) into (5.9) with
∑
k≤R2 k
−1−∑k≤R2/4 k−1 = O(1) and
using 1 + · · ·+ 1/N2 = pi2/6 +O(N−1) gives
E4(R) =
R2m+4pi2
m+ 2
− 8R
2m+2
m+ 2
[
D(R2)−D(R2/4)]+O(R2m+2). (5.13)
Thus we have proved (5.8) upon identifying the coefficients in (5.13) with the
integrals given in (5.8). Now (5.7) is obtained by firstly writing,
E5(R) =
∑
ω∈Z5
|ω|2mχR(ω) =
R∑
j=−R
E
fj
4 (
√
R2 − j2). (5.14)
Here E
fj
4 (t) denotes the counting function on Z4 with weight f(ω, j) = (|ω|2 +
j2)m which is a sum of radial weights. Hence (5.8) in (5.14) produces,
E5(R) =
R∑
j=−R
∫
Br(R2,j)
f(x, j) dx− 16 [H(R2)− L(R2)]+O(R2m+3), (5.15)
where we have defined r(t, j) =
√
t− j2 and 11,
H(t) =
[
√
t]∑
j=1
F (t, j)D(t− j2) +O(tm+1 ln t), (5.16)
L(t) =
[
√
t]∑
j=1
F (t, j)D((t− j2)/4) +O(tm+1 ln t), (5.17)
and F (t, j) = 2r(t, j)−2Vol(S3)−1
∫
Br(t,j) f(x, j) dx. Moreover we have
H(t) =
[
√
t]−1∑
j=1
[F (t, j)− F (t, j + 1)]M(t, j) + F (t, [√t])M([t,√t]) (5.18)
with M(t, n) =
∑n
i=1D(t − i2). This particular decomposition of H(t) lends
itself favourably to estimates for large t. Towards this end let us begin by noting
M(t, n) = O(
√
t) (see [10] pp. 97). Furthermore a direct calculation gives
F (t, j) =
m∑
k=0
(
m
k
)
(k + 2)−1j2(m−k)(t− j2)k+1. (5.19)
11The remainder term here accounts for j = 0 which is tm+1D(t) = O(tm+1 ln t) since
D(t) = O(ln t), however, in what follows we show that H(t), L(t) = O(tm+3/2) and therefore
we can omit this additional remainder as it will be adsorbed into this asymptotics.
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Thus F (t, [
√
t])M(t, [
√
t]) = O(tm+3/2). Additionally a straightforward appli-
cation of the binomial expansions in (5.19) leads to,
F (t, j)− F (t, j + 1) =
m∑
k=1
(
m
k
)
(k + 2)−1
k+1∑
i=0
bi,k∑
l=0
ci,k,lj
ltk−i+1, (5.20)
where bi,k = 2i+ 2(m− k)− 1 and
ci,k,l = (−1)i+1
(
k + 1
i
)(
2i+ 2(m− k)
k
)
.
With (5.20) at hand and again M(t, n) = O(
√
t) we obtain H(t) = O(tm+3/2).
Then in a similar fashion to the above L(t) = O(tm+3/2) which in conjunction
with (5.15) gives
E5(R) =
R∑
j=−R
∫
Br(R2,j)
f(x, j) dx+O(R2m+3). (5.21)
To complete the proof for the base case n = 5 we are left with showing that
the leading term is as in (5.7). To achieve this we first apply the classical
Euler-Maclaurin summation formula, namely,
R∑
j=−R
g(j) =
∫ R
−R
g(y) dy +
∫ R
−R
g˙(y)ψ(y) dy, g(y) =
∫
Br(R2,y)
f(x, y) dx.
(5.22)
Now recall that f(x, y) = (|x|2 +y2)m and so from a straightforward calculation
g(y) = 2pi2
[
R2m+4
m+ 2
+
y2m+4
(m+ 1)(m+ 2)
− y
2R2m+2
m+ 1
]
, (5.23)
g˙(y) = 4pi2
[
y2m+3 − yR2m+2
m+ 1
]
. (5.24)
Hence applying the Mean-value theorem to the second integral in (5.22) gives∫ R
−R
g˙(y)ψ(y) dy =
4pi2
m+ 1
∫ R
−R
[
y2m+3 − yR2m+2]ψ(y)dy
=
4pi2R2m+3
m+ 1
[∫ R
ξ1
ψ(y)dy −
∫ R
ξ2
ψ(y)dy
]
=
4pi2R2m+3
m+ 1
∫ ξ2
ξ1
ψ(y)dy = O(R2m+3), (5.25)
(here assuming without loss of generality that −R < ξ1 ≤ ξ2 < R). Then setting
ω = (x, y),∫ R
−R
g(y) dy =
∫ R
−R
∫
B4
r(R2,y)
(|x|2 + y2)m dx dy =
∫
B5R
|ω|2m dω = Vol(S
4)
2m+ 5
R2m+5.
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Thus summarising we have succeeded in proving the base case
E5(R) =
Vol(S4)
2m+ 5
R2m+5 +O(R2m+3). (5.26)
Hence we can prove (5.7) for n ≥ 5 by induction. Indeed assume (5.7) is true
for n. Then as before
En+1(R) =
R∑
j=−R
∑
w∈Zn
(|x|2 + j2)m χ√
R2−j2(w)
=
R∑
j=−R
∫
Bn
r(R2,j)
f(w, j)dw +O
 R∑
j=1
(R2 − j2)2m+n−2

=
Vol(Sn)
2m+ n+ 1
R2m+n+1 +O
(
R2m+n−1
)
. (5.27)
Therefore (5.7) holds for n+1 and thus is true for all n ≥ 5. Note that the leading
term is obtained in exactly the same way as the base case n = 5 by applying
the Euler-Maclaurin summation formula and the Mean value theorem.
The proof of Theorem 5.1 is now a consequence of the argument preceding
Theorem 5.2. This can be done for SO(N) and U(N) since the lattice of analytic
weights here is realised as Zn whilst the multiplicity function is a homogeneous
polynomial of even degree. The case of Spin(N) results from SO(N) as in the
proof of Theorem 4.3.
Note that for n ≥ 5 we have (n + 1)/2 ≤ n − 2 and so (5.6) combined with
Theorem 5.2 gives
N (λ) = κ
Vol(Sn−1)
(2m+ n)|W |
(
λ+ |ρ|2)m+n2 +O(λm+n−22 )
= κ
Vol(Sn−1)
(2m+ n)|W |λ
m+n2 +O(λm+
n−2
2 ). (5.28)
The leading coefficient can be written in the following form:
κ
Vol(Sn−1)
(2m+ n)|W | =
1
(2m+ n)|W |
∫
Sn−1
P (θ)dHn−1(θ)
=
1
|W |
∫ 1
0
∫
Sn−1
P (θ)dHn−1(θ)r2m+n−1dr
=
1
|W |
∫
Bn1
mn(x)dx =
Vol (G)ωd
(2pi)d
. (5.29)
Hence we have completed the proof of Theorem 5.1. 
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A Asymptotics of weighted integrals involving
Bessel functions
In this appendix we present the proof of an estimate used earlier in the paper.
This is concerned with the asymptotics of Bessel functions and their weighted
integrals.
Proposition A.1. Let α ≥ 2 and β > −1/2. Then there exist constants M > 0
and c > 0 such that for any z ≥M we have∫ z
0
tα+βJβ(t) dt ≤ czα+β− 12 . (1.1)
Proof. Using the identity established in Lemma A.1 below we can write∫ z
0
tα+βJβ(t) dt = z
α+βJβ+1(z)− (α− 1)
∫ z
0
tα+β−1Jβ+1(t) dt.
Next in virtue of the asymptotic decay of Bessel function at infinity (see, e.g.,
Stein & Weiss[30]) it follows that there exists M > 0 such that Jβ+1(z) ≤ cz− 12
for z > M . Hence we can write∫ z
0
tα+βJβ(t) dt ≤ c1zα+β− 12 + c2
∫ z
M
tα+β−
3
2 dt
from which the conclusion follows at once.
Lemma A.1. Let α ≥ 2 and β > −1/2 with z ∈ R.Then the following identity
holds ∫ z
0
tα+βJβ(t) dt = z
α+βJβ+1(z)− (α− 1)
∫ z
0
tα+β−1Jβ+1(t) dt (1.2)
Proof. Starting from the following weighted integral identity for Bessel functions
(cf., e.g., Grafakos [11] Appendix B.3)∫ z
0
Jβ−1(t)tβ dt = zβJβ(z)
we can write∫ z
0
tα+β−1Jβ+1(t)dt =
∫ z
0
tα−2
∫ t
0
sβ+1Jβ(s) dsdt =
∫ z
0
sβ+1Jβ(s)
∫ z
s
tα−2 dtds.
Now integrating the term on the right gives∫ z
0
tα+β−1Jβ+1(t) dt =
1
α− 1
∫ z
0
sβ+1Jβ(s)[z
α−1 − sα−1] ds
=
1
α− 1z
α+βJβ+1(z)− 1
α− 1
∫ z
0
sβ+αJβ(s) ds
and so the conclusion follows by simple manipulation of the above.
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